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A bstract: This paper presents the scientific detailed basis and the involving 
conditions for finding the approximated analytical solution of a parametric 
oscillation problem described by the Mathieu equation.

1. Introduction

The m ethod for finding an approxim ated analy tical solution of a param etric  
oscillation problem  described by the M athieu equation  has been p resen ted  in [1]. 
However, the  scientific basis and o ther involving conditions have no t been detailly 
defined except for the  necessary conditions. This paper investiga tes in  details the 
scientific basis and  the  rela tive  relationship  am ong p a ram eters  in the  m ethod for 
finding the  approx im ated  solution presented in [1],

2. The scientific basis for finding the approximated analytical solution of 
a parametric oscillation problem

C onsider a 2nd o rder d ifferential M athieu equation

in which: h(t) -  a periodic function, ủ s tands for the  2nd derivative  of h(t) w ith 
respect to t.

The problem  can be sta ted  as finding the acceptable form of h(t) such th a t 
(2.1) has an  an a ly tica l solution. And then  we desire th is analy tical solution to be an 
approxim ated  so lu tion  of the  following equation

(2 .1)

(2 .2)

w hat re la ted  conditions m ust be found.

1.1. F orm  o f  fu n c t io n  h(t)

C onsider th e  supp lem en tary  equation

X = a x2, (2.3)

9
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in which: a(t) -  any continuous non-zero function of t. 
By rea rran g in g  p a ram ete rs  we have

From th a t  it yields:

ủ l àax = -----------
u 2 a

ủ ủàx + ax = -  + —  -  —  
u u at

l a )
2 a

D im inish — from (2.4), (2.5) we have
u

ax  = a2x 2 +
ii d  
u dt

1 à
2 a .

/ 1 o '  
2̂ a

Replacing X determ ined by (2.3) in to  (2.6) it yields

ủ + d ' l  Õ'
- Í - - T

dt ,2  a) u  a )
u = 0 .

Com pare (2.7), (2.1) the  form of h(t) can be considered as

c0 h ( t )  =
d ' l ả ' ' 1  Ớ'
d t  ̂2 CL , K2 a ;

The solution of (2.3) can be expressed as
aax =

I

ịad t + Cx

(2.4)

(2.5)

(2 .6)

(2.7)

(2 .8)

(2.9)

in which: c x -  in teg ra l constan t.

S ubstitu ting  ax calcu lated  from (2.9) into (2.4) we have
Ù _ a l a  
u te _ 2 a *

ịa d t + Cj

(2.10)

From th a t  i t  yields

u
a XA

t
Cj + C2 ịad t

0
(2 .11)

in which: C2 -  in teg ra l constan t.
It can be s ta ted  th a t  if the function h(t) has a form of (2.8), then (1) has an 

exact solution in the  form of (2.11). From (2.11) and (2.8) it can be inferred th a t if 
a(t) is a continuous non-zero function, then  u continuously depends on a(t).



Conditions for the A pproxim ated Analytical Solution of... 11

Because a(t) is any continuous function, then  in investigation  of (2 .1) when 
h{t) is a periodic function, a(t) can be chosen in the form of a periodic function as

a(t )  =
(A + Pcoscot)'

. c

Ị<y2 +CCẦ + aPcoscot^
(2 .12)

Ả (Ú
in which: p  , —— - param eters th a t need to be defined during the solving procedure.

S u b stitu te  (2 .12) in to  (2 .8), (2 .1 1 ) we have

h ^  _ 2yco2________ 2ya  + 3Ã CO2 + 3CCẢ + 2ỵ a 2

(/Í. + j3cosũ)tỶ A + fỉcosũ)t ũ)2 + aẪ +a/3 COS Cút ’
(2.13)

where ỵco2 _ Ả2 ỵa _ 
p 2 ~ ữ2 ’ p - U 2

Thus, the  solution of (2 .1) now is of the form

ap_
co'1

u = cư2 + aẢ + a/3 cos cot
A + p  cos a t

(Ả + p  coscot)
J * I

0 Ịứ>2 +aÁ + a/? cos cor'j
dr (2.14)

Form ulas (2.13) and (2.14) are  exact solutions p resen ted  in [1]. 

1 .2 . A p p ro x im a te d  so lu tio n

Equation (2 .2) w ith the  condition u * 0 can be rew ritten  as

— + Ũ)2 (k + pcoscot) = 0 . (2.15)

Substitu te  (2.14) into (2.15) and denote the left hand side of (2.15) by f{t) we have
/  X -1

/■(«)= CD‘ (k + pcoscot)- 2/ũ)2_________2aỵ + 3/1 6>2 + 3tt/l + 2 /q 2

(/I + /3 COS cot)2 Ẳ + fỉcos(ot ú)2 + aẲ + a/3 coscot

Denote

#(*) = Ẳ + pcoscot,

tak ing  into account (2.13), the  f(t) function can be w ritten  as

f { t )  = co2[ g ( t ) - h ( t ) ]

I f  f { t )  = 0 V i, then  (2.14) becomes an  exact solution of (2.15).

If th a t  m eans h(t) « g(t) w ith every t, th en  (2.14) can be

considered an  approxim ated  solution of (2.15). The e rro r of th is approxim ated 
solution depends on the  e rro r of the  approxim ation of h(t) to g(t).

(2 .16)

(2.17)
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Therefore, the scientific basis of the method is: The solution of (2.1) continuously 
depends on the function h(t), hence when h(t) is approxim ated by g(t) w ith every t then 
the exact solution of (2.1) becomes an approxim ated solution of (2.15).

3. Relating conditions for parameters

3.1. C o n d itio n s  in  [1]

It h a s  been s ta te d  in [1] th a t  for hự) can be approxim ated by g(t) w ith  every t, 
the following equations and  inequations should be satisfied

a. The equations

CO
ap  •

1 Ầ 
k * p fi 

A 
p + p

(3.1)

- 1

A
p

Ằ 2 
2 1

p 2

+ p
a p  p

\ /  2 3co À , + _  + l 
a p  p

CO2 Ả (3.2)

6. The inequations

Ằ ^  1 CO2 Ẳ

p a p  + p

ý
8 +

0)
ap

1 - 4 CO2 '\
i l
/?2

> 1 ,

CO8 +  —
aft

1 + 4 0) > 0 ,

(3.3)

(3.4)

3.2. S u p p le m e n ta r y  e q u a tio n s

From (3.1), (3.2) i t  yields

2p ( k - l ) — + k 2 + p 2 - k
<J_ A _  ’ p

aP p  ị k2 + p 2 -&) — + 2pk

(3.5)

(3.6)
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Denote
2 p ( k - l ) —  + k 2 + p 2 - k

[ k 2 +  p 2 - k ^  +  2 p k
(3.7)

Based on (3.5) it can be proved th a t

2 p ( k - l ) ±  +  k * + p >  - k
k * - p * - k x  

Ị ẵ 2 +  p 2 - k ^ —  + 2 p k  b  ~ p  + k  p
(3.8)

Hence

CO2 _  2 p ( k 2 - p 2 ) p i

™a~ l2 J  , L 7 ' (3.9)

The condition 

taken  in to  account

co2 Ả 
a p  + p

a p  k 2 - p 2 +k p  

> 1 can be replaced by \x\ > 1 w hen (3 .6) and  (3 .8) are

co A. _ _ k2 - p 2 - k Ẫ
" X ~ -2 _2a / ?  p k ~ p 1 + k p

(3.10)

S u b s titu te  — calculated from (3 .10) into (3 .5) we have

[k2 -  p 2 + k j z 2 -  2PX -  [k2 -  p 2 -  = 0 . (3.11)

E quations (3.5), (3.11) a re  the supplem entary  eq u atio n s for finding the 
conditions sa tisfy ing  the  inequation  (3 .3).

3.3. T h e  c o n d itio n >1

The so lu tion  of (3.5) can be w ritten  as

Ả P ± J A

where

f i  k 2 - p * - k '

I t is observed th a t  A > 0 when k 2 -  p 2 < 0 or k2 -  p 2 > 1.

(3.12)

(3.13)

(3.14)

Based on (3.12), the  first condition of (3.3) leads to the  following condition

p ±  VÃ
k 2 -  p 2 - k

From  th e  above, i t  can be seen th a t when

> 1 . (3 . 15)
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equation  (3.5) has one solution

k 2 -  p 2 < 0 ;

> 1 , and  when

k 2 -  p 2 > 1 , k > 1 ,

equation  (3.5) has two solutions

3.4. The co n d itio n

> 1 .

CO2 Ẳ 4_ __
a p

1
p

> 1 or \x\ > 1

The solution of (3.11) can be w ritten  as

p ±  VÃ
k 2 -  p 2 +k

The condition of ị%\ > 1 leads to

± VÃ
k 2 -  p 2 + k

>1

From  the above it  can be seen th a t when

k 2 -  p 2 < 0 ,

equation  (3.11) has one solution \x\ > 1; and when

k 2 -  p 2 > 1 , k < - l ,  

equation  (3.11) has two solutions Ix\ > 1 ■

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

3.5. N ecessary  a n d  s u ff ic ie n t  c o n d itio n s  fo r  (3.3) to be sa tis fie d  

s im u lta n e o u s ly

For the  two conditions in (3.3) to be satisfied sim ultaneously, it  is essen tia l 
th a t  the  conditions pa irs of (3.16), (3.20) and (3.17), (3.21) m ust be satisfied. I t  is 
observed th a t  there  is only one condition for those requ irem ents to be m et, th a t is

k 2 -  p 2 < 0 . (3.22)

W ith th is condition one solution — of the equation (3.5) and one solution X ° f  

equation  (3 .1 1 ) have the  absolute value g rea ter th an  1 .

3.6. N ecessary  c o n d itio n  fo r  (3.4)

Based on (3.9), the  condition (3.4) can be rew ritten  in the form
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, k 2 -  p 2 + k + p - - 4 kt - 4k i  
p  0

l 2  _ 2  ? A  . . Ák -  p  +k + p — + 4k —
(k2 - p 2 +k )

and on (3.5), from (3.23) it yields

4

(k 2 -  p 2 + k)j

Hence, the  necessary  condition for (3.4) can be derived as

(£2 - p 2)(fc2 - p 2 -l)-16Jfe2 >0

> 0  (3.23)

(3.24)

(3.25)

It has been stated  in [1] th a t for h(t) and g{t) to be approxim ated eachother with 
every t, then  the formula expressing the subtraction (2.17) between g(t) and h(t):

.2 N

f ( y )  = y a - 3 j y 2 - 7 Ì -  + 3
ap  p

+ 2 y + Ả cò Ả Ầ A (O'
—T + ^ —Õ" -  o — -  4 —
p  a p  p* p  a p

(3.26)

c a n n o t  be van ished  in the in terval [-1, 1], where denote y  =  COS c o t .

The m entioned approxim ation requ irem ent m ust be satisfied  then

/■(l)/‘( - l ) > 0  (3.27)

IS the necessary  condition, and f ( y )  not vanished in the in te rva l [-1 1] is the 
sufficient condition.

The condition (3.27) can lead to the condition (3.4), so th a t  the necessary 
condition (3.25) IS found, and now it m ust be to find the  sufficient condition

3.7. S u f f ic ie n t  c o n d itio n  fo r  (3 .4)

From (3.26) i t  can be inferred th a t

(3.28)^  = 3 y 2 -  2 — y - Í7  Ã2 ũ)2 Ả 2 Ì-- 1 1
dy y p y [ 3 /?2 a p p  3 J

6a y (3.29)

Based on the  condition (3.3), from (3.29) it  can be in ferred  th a t the  sign of 
f " ( y )  rem ains unchanged in the in terval [-1 ,1], th a t leads to the  m onotone of f ' ( y )  
in the in te rva l [-1 , 1 ].

In troduce an  additional condition

r ( i ) r ( - i ) > 0 ,  (3.30)
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associating w ith the  m onotone condition of f ' ( y )  in  the  in te rv a l [-1 ,1], it can be 

inferred th a t the sign f ' ( y )  rem ains unchanged in  the in te rv a l [-1 ,1], therefore 

f ị y )  is monotonic in the  in te rv a l [-1 ,1].

From the  condition (3.27) and the monotone condition of f [ y ) in the in te rva l 

[-1 ,1], it can be s ta ted  th a t  the  sign of f ( y )  rem ains unchanged in the in te rv a l 

[-1 ,1], or in o ther words, f ( y )  does not vanish  in the in te rv a l [-1 ,1].

Based on (3.28), the  condition (3.30) leads to

Z i l  K.Ả
3 p 2+ ap  p

+ 2 a
p

' ĩ - Ế -  — Ả  
3 p ĩ+  a p p

- 2 >0

Associating w ith (3.9) it  yields

Í4  k 2 - p 2 - k ) Ă2 1 > 2i
1̂ 3 k 2 - p 2 + k y p 2 3 n

(3.31)

(3.32)

This is the  sufficient condition for (3.4) to be satisfied.

4. Conclusion

In sum m ary, for h(t), g(t) to be approxim ated each o ther w ith every t, there 
are th ree  re la ting  conditions for param eters , th a t is the  necessary and sufficient 
conditions (3.22), (3.25) and (3.32).

These conditions provide to find an approxim ated analy tical solution to a 
param etric  oscillation problem  described by the M athew ’s equation.
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